We study the behaviour of weak gravitational fields in models where a 4D brane is embedded inside a 5D brane equipped with induced gravity, which in turn is embedded in a 6D spacetime. We consider a specific regularization of the branes internal structures where the 5D brane can be considered thin with respect to the 4D one. We find exact solutions corresponding to pure tension source configurations on the thick 4D brane, and study perturbations at first order around these background solutions. To perform the perturbative analysis, we adopt a bulk-based approach and we express the equations in terms of gauge invariant and master variables using a 4D scalar-vector-tensor decomposition. We then propose an ansatz on the behaviour of the perturbation fields when the thickness of the 4D brane goes to zero, which corresponds to configurations where gravity remains finite everywhere in the thin limit of the 4D brane. We study the equations of motion using this ansatz, and show that they give rise to a consistent set of differential equations in the thin limit, from which the details of the internal structure of the 4D brane disappear. We conclude that the thin limit of the "ribbon" 4D brane inside the (already thin) 5D brane is well defined (at least when considering first order perturbations around pure tension configurations), and that the gravitational field on the 4D brane remains finite in the thin limit. We comment on the crucial role of the induced gravity term on the 5D brane.
Introduction
The Cosmological Constant problem (CC) and the late time acceleration of the universe (LTA) are two of the most compelling problems in contemporary theoretical physics. Despite it has been noted long ago [1] that there is a difference of 60-120 orders of magnitude (depending on the cut-off of the quantum theory) between the theoretical estimates for the vacuum energy and its observed value, a fully convincing explanation of this mismatch is still missing. The recent discovery that the cosmological observations are best fitted by a model where the cosmological constant Λ is non-zero [2, 3] renders the problem even more puzzling. In fact, along with explaining why Λ is small compared to the theoretical predictions (old cosmological constant problem), it is now necessary to explain also why it is non-zero and yet extremely fine-tuned (new cosmological constant problem). It is fair to say that it is in principle not obvious that these two problems have a common origin, since the reason why the universe is accelerating may be independent from the reason why the semiclassical effect of the vacuum energy is so different from what we expect.
A very promising framework to address these problems is offered by the braneworld paradigm (see [4, 5] for early proposals), which is appealing from the point of view of high energy physics since the existence of branes and of extra dimensions is an essential ingredient in string theory (see for example [6] ). Concerning the cosmological constant problem, it has been noted that braneworld models with infinite volume extra dimensions can bypass Weinberg's no-go theorem [7, 8] , and more specifically that (in the case of codimension higher than one) they somehow can act as a high-pass filter on the wavelength of gravitational sources, effectively "degravitating" sources which are nearly constant with respect to a characteristic length of the model [9] . In particular, branes of codimension two have the well known property that pure vacuum energy does not produce curvature on the brane itself, but merely curves the extra dimensions: this opens up the possibility of having models where, in presence of matter, the effective vacuum energy on the brane dynamically relaxes to a very small value after a phase transition happens (self-tuning) (see [10] and [11, 12] for a review). Furthermore, if we believe that the CC problem and the LTA problem are independent, braneworld models with induced gravity offer the possibility of explaining the late time acceleration in a geometrical way, since they generically admit cosmological solutions which exhibit the phenomenon of self-acceleration.
Overall we can say that codimension-2 branes with infinite volume extra dimensions and induced gravity are a very interesting framework to address the CC problem and the LTA problem. On the other hand, they suffer from the notorious shortcomings that the thin limit of a brane is not well-defined if the codimension is higher than one [13] , and that the brane-to-brane propagator of the gravitational field diverges when we send to zero the thickness of the brane [14, 15] (unless we allow for Gauss-Bonnet terms in the bulk action [16] ). More worryingly, braneworld models with induced gravity are often plagued by the presence of ghosts. While in the (codimension-1) DGP model [17] ghost modes propagate only around self-accelerated solutions [18, 19, 20, 21, 22, 23] , higher codimension generalizations of the same model seem to suffer from the presence of ghost even around solutions where the bulk is flat and the brane is straight [24] (however see [25] ). This seems anyway to be a regularization dependent property, since specific regularization procedures seem to render the model ghost-free, at least when flat solutions are concerned [26] . From another point of view, it has been shown that the self-accelerating solutions of the (codimension-1) DGP model fit the cosmological data significantly worse than the ΛCDM model [27, 28] , and in fact even if they were ghost-free they would be observationally ruled out [29] .
This state of affairs prompts us to look for higher codimension extensions of the DGP model which preserve its good aspects while being free from its shortcomings. In fact, it can be expected that increasing the codimension would improve the agreement between the theoretical predictions of self-accelerating cosmological solutions and the observational data [30] . An interesting direction to explore is to consider elaborate constructions with more than one brane (as for example intersecting brane scenarios [31, 32] ), hoping that the interplay between the branes may provide a mechanism to get rid of the ghosts. A very interesting proposal in this sense appeared few years ago, in which a D-dimensional bulk (D ≥ 6) contains a sequence of branes of increasing dimensionality recursively embedded one into the other, and every brane is equipped with an induced gravity term (the Cascading DGP model [33] ). It has been shown [33, 34] in fact that, in the 6D realization of this set-up, there exists a critical valueλ c for the tension of the codimension-2 brane such that first order perturbations around pure tension backgrounds contain a ghost mode or are ghost-free depending on the fact that the background tensionλ is smaller or bigger than the critical tension. Furthermore, it has been claimed that the induced gravity term on the codimension-1 brane renders finite the (codimension-2) brane-to-brane propagator [33, 35] , thereby regularizing gravity. Both these properties (gravity regularization and existence of a critical tension) are very interesting and unexpected.
The purpose of this paper is to study the behaviour of weak gravitational fields in set-ups where matter is confined on a codimension-2 brane which is embedded inside a codimension-1 brane with induced gravity, focusing on the thin limit of the codimension-2 brane. More precisely, we consider (background) configurations where the source on the codimension-2 brane has the form of pure tension, and we study the behaviour of the gravitational field at first order in perturbations around these solutions. The main aim of our analysis is to understand geometrically the mechanism of gravity regularization and the role of the induced gravity term. Moreover, we want to develop a formalism to study perturbations in the nested branes with induced gravity set-ups which, in a future perspective, can be applied to other background configurations and to the Cascading DGP model (by adding an induced gravity term on the codimension 2 brane). The paper is therefore structured as follows: in section 2 we introduce the specific regularization choice we use to study the nested brane system, and clarify the properties of the set-up. In section 3 we derive the pure tension solutions, and consider first order perturbations using a bulk-based approach and the 4D scalar-vector-tensor decomposition. In section 4 we derive the equations of motion for the gauge invariant variables of the system. We introduce the master variables and study the case of a pure tension perturbation. In section 5 we propose an ansatz on the behaviour of the perturbation fields in the thin limit of the cod-2 brane. We derive the thin limit equations of motion and discuss their consistency. Finally, we present our conclusions in section 6.
Conventions: For metric signature, connection, covariant derivative, curvature tensors and Lie derivative we follow the conventions of Misner, Thorne and Wheeler [36] . The metric signature is the "mostly plus" one, and we define symmetrization and antisymmetrization without normalization. 6D indices are denoted by capital letters, so run from 0 to 5; 5D indices are denoted by latin letters, and run from 0 to 4, while 4D indices are denoted by greek letters and run from 0 to 3. The only exception is that the letters i, j and k indicate 2D indices which run on the extra dimensions z and y. In general, quantities pertaining to the cod-1 brane are denoted by a tilde˜, while quantities pertaining to the cod-2 brane are denoted by a superscript (4) . Abstract tensors are indicated with bold-face letters, while quantities which have more than one component but are not tensors (such as coordinates n-tuples for example) are expressed in an abstract way replacing every index with a dot. When studying perturbations, the symbol indicates usually that an equality holds at linear order. We use throughout the text the (Einstein) convention of implicit summation on repeated indices, and we use unit of measure where the speed of light has unitary value c = 1.
Nested branes with induced gravity
Configurations where a brane is embedded inside another brane of higher dimensionality (see [37, 38] for a field theory realization), have been already studied for example in [39, 40] (without induced gravity terms) and [41] (with induced gravity terms) in the context of 5D braneworld models, where extended sources inside the 4D brane were used to investigate the non-perturbative properties of these theories. More recently they have been considered in the context of the Cascading DGP model [33] , where the existence of a critical tension and the regularization of gravity have been uncovered. In this paper, we consider systems where a (codimension 2) 4D brane is embedded inside a (codimension 1) 5D brane which is in turn embedded in a 6D bulk, and only the cod-1 brane is equipped with an induced gravity term. Therefore, we consider systems which are schematically described by the action
where the bulk B is parametrized by the coordinates X · = (z, y, x µ ), the cod-1 brane C 1 is parametrized by the coordinates ξ · = (ξ, ξ µ ) and the cod-2 brane C 2 is parametrized by the coordinates χ · . Hereg indicates the metric induced on the cod-1 brane (andR is the Ricci scalar built with it), while g (4) indicates the metric induced on the cod-2 brane and the Lagrangian L M describes the matter localized on the cod-2 brane.
Regularization choice and thickness hierarchy
To understand if gravity on the cod-2 brane is regularized by the (cod-1) induced gravity term, we should study how the gravitational field behaves when the cod-2 brane becomes thin. However, such an analysis is meaningful only if the concept of "thin cod-2 brane" is meaningful (i.e. if the thin limit is well-defined).
If not, the fact that gravity is regularized may be true only when the limit is performed in some specific ways (if any); this would physically mean that gravity is regularized only if the internal structures of the branes have some specific properties. To this effect, it has been proved that the thin limit of a (isolated) brane is not well-defined if its codimension is higher than one [13] . It is reasonable to expect that this fact does not change if we embed a cod-2 brane inside a cod-1 brane, since, beside the freedom to choose the cod-2 internal structure, we now have the additional freedom to choose how the internal structures of the two (cod-1 and cod-2) branes are related one to the other (see [35] for a related discussion in the Cascading DGP model). Therefore, in absence of a rigorous proof (on the lines of [13] ) of the welldefiniteness of the thin limit of the nested cod-1 and cod-2 branes, to perform a clean analysis we should consider configurations where both branes are thick. Working with configurations where both branes are thick is however extremely complicated, and probably not doable in practice. To facilitate the analysis, we could consider particular cases in which there is a hierarchy of scales between the two branes, with the hope that this permits to describe the system with a good approximation by considering one of the branes thin (relatively to the other). To clarify this point, let's consider in fact the simple schematic description of figure 1 where the 2D sections of the branes in the extra dimensions are plotted (each point in the figure represents a 4D spacetime): we indicate with l 1 the thickness of the cod-1 brane, with l 2 the thickness of the cod-2 brane in the parallel directions (from the point of view of the cod-1 brane) and with l ⊥ 2 the thickness of the cod-2 brane in the normal direction. Among the infinite possible choices for the three representative thicknesses, we could consider the class of configurations where the thicknesses satisfy the following hierarchy l 2 l ⊥ 2 , l ⊥ 2 ∼ l 1 ; in this case, we may consider the cod-1 brane to be thin with respect to the cod-2 brane, and we could describe this situation by considering a perfectly thin cod-1 brane, and ask that the matter on the cod-1 brane is distributed only inside a ribbon of width ∼ l 2 . This situation is definitely appealing since we know that in this case the internal structure of the cod-1 brane does not play a role, and we can study it using the formalism of thin cod-1 branes. Furthermore, in this case there is a clear connection with the (cod-1) DGP model, which is well understood and can serve as a guidance.
Therefore, in the following we will consider only configurations which satisfy the hierarchy outlined above, and we will describe them assuming that energy and momentum are distributed inside a "ribbon" cod-2 brane which lies inside a thin cod-1 brane. Henceforth, we refer to this class of configurations as nested branes with induced gravity set-ups. Note that a priori we don't know if the thin limit of a ribbon cod-2 brane inside an already thin cod-1 brane is well defined or not. This is in fact a very important point to establish, and we will address it in our analysis. If this (second) thin limit is well defined, it is possible to work with a thin cod-2 brane and forget the internal structure of the cod-2 brane as well, thereby simplifying further the analysis.
The set-up
Before turning to the analysis of the equations of motion, it is useful to spell out clearly the properties of the nested branes with induced gravity set-up; this also gives us the chance to clarify the notation.
The geometric set-up
We assume that the cod-1 brane C 1 divides the 6D spacetime in two disconnected pieces which are (globally) diffeomorphic, and we assume that a Z 2 symmetry holds across the cod-1 brane. We furthermore assume that there is a 4D submanifold C 2 embedded inside the cod-1 brane, which likewise divides the cod-1 brane in two patches whose common boundary is C 2 . We assume that matter and tension are confined inside the cod-1 brane C 1 and localized around the 4D submanifold C 2 , and we assume that a Z 2 symmetry across C 2 holds inside the cod-1 brane. More specifically, we distinguish between a physical (thick) cod-2 brane, inside which matter and tension are confined (the "ribbon" cod-2 brane), and a mathematical (thin) cod-2 brane (C 2 ), with respect to which the Z 2 symmetry is imposed. When the thin limit of the cod-2 brane is performed, the physical brane coincides with the mathematical one. Note that, differently from the original formulation of the Cascading DGP model [33] , we do not impose a Z 2 × Z 2 symmetry to hold in each of the two mirror copies which constitute the bulk. In fact, the presence of a Z 2 symmetry inside the cod-1 brane does not imply that a double Z 2 symmetry holds in each of the two 6D mirror copies.
Since C 1 and C 2 are submanifolds of the 6D ambient space, they may be considered as separate manifolds, each one equipped with its atlas of reference systems plus an embedding function which describes how they are embedded in the ambient space. The position of the cod-1 brane in the bulk is described by the embedding function ϕ · whose component expression is ϕ A (ξ a ), while the position of the (mathematical) cod-2 brane inside the cod-1 brane is described by the embedding functionα · whose expression in coordinates isα a (χ µ ) . The bulk metric g induces on the codimension-1 brane the metricg ≡ ϕ g , where ϕ indicates the pullback with respect to the embedding function ϕ · , and in turn the metricg induces on the codimension-2 brane a metric g (4) ≡α g , whereα indicates the pullback with respect to the embedding functionα · .
In the following it will be useful to consider reference systems on the codimension-1 brane which are Gaussian Normal with respect to the (matematical) cod-2 brane: henceforth, we refer to this class of reference systems as codimension-1 Gaussian Normal reference systems. We indicate quantities evaluated in this coordinate systems with an overhatˆ, and we synthetically indicate the cod-1 GN coordinates aŝ ξ · ≡ (ξ, χ · ). By construction, we have that [42] 
and moreover we have that, choosing a fixedξ, the 4D tensorĝ µν (ξ, χ · ) (seen as a function of χ · ) is the induced metric on the 4D slice characterized by that particularξ.
The source set-up
As we mentioned above, we assume that the energy-momentum tensor present on the cod-1 brane is localized inside the physical (ribbon) cod-2 brane. By "localized" we mean that, first of all, there exists a (finite) localization length l 2 such that the energy-momentum tensorT ab (ξ, χ · ) (in cod-1 GNC) vanishes when it is evaluated at a distanceξ from the cod-2 brane which is bigger than l 2 (the length l 2 corresponds, in the language of section 2.1, to the "parallel" thickness l 2 ). Secondly, we ask that the pillbox integration across the cod-2 brane of the normal and mixed components ofT ab vanishes
which formalizes the idea that momentum does not flow out of the brane. We define the cod-2 energy-momentum tensor as the 4D tensor T (4) µν (χ · ) obtained by the pillbox integration of the 4D components ofT ab across the cod-2 brane, so that we have
The latter tensor can be considered as the "would be" thin limit source configuration if the thin limit description were well-defined. From this point of view, we can consider different configurationsT ab which correspond to the same T (4) µν as different regularizations of the perfectly localized source T (4) µν . In the following, it will be useful to perform the pillbox integration of the junction conditions across the cod-2 brane. We therefore introduce the notation
and also, given a quantity Q(ξ) defined on the cod-1 brane, we indicate
and finally
The equations of motion
Since the cod-1 brane is thin, the physical configurations of the theory can be found by solving the Einstein equations in the bulk and by imposing the Israel junction conditions [43] at the cod-1 brane. As usual for cod-1 branes, to single out a unique solution we have to add boundary conditions at spatial infinity (i.e. in the extra dimensions); we implicitly assume this in the following. Moreover, because of the Z 2 symmetry which holds across the cod-1 brane, it is enough to choose one of the two mirror copies which constitute the bulk, and to solve the Einstein equations only there (henceforth, with a slight abuse of language we refer to the chosen copy as the "bulk" itself).
Since we allow the embedding of the cod-1 brane to be non-trivial, it is useful to describe the geometrical properties of the cod-1 brane using objects which are intrinsic to the brane. In general, the extrinsic geometry of the cod-1 brane is described by the second fundamental form
where n is the vector normal to the cod-1 brane, P ≡ g − g(n, _) ⊗ g(n, _) is the first fundamental form and L indicates the Lie derivative. We fix the arbitrariness related to the choice of orientation of the brane by choosing the normal vector which points inward the bulk. To obtain an intrinsic object which describes the extrinsic geometry, we can pull-back K to the brane obtaining the extrinsic curvature 1K (ξ · )
which explicitly contains the embedding function. Using the explicit expression for the Lie derivative, we can decompose the extrinsic curvature as follows
where the three contributions read in coordinates
are the tangent vectors to the cod-1 brane associated to the reference system ξ · . This decomposition for the extrinsic curvature has a clear geometrical interpretation; the first two pieces are named "orthogonal gradient" and "parallel gradient" as they are non-zero when the bulk metric has non-zero derivative respectively in the directions orthogonal and parallel to the cod-1 brane, even when the cod-1 brane is not bent. The third piece is instead due to the bending, since it is non-zero when the brane is bent even if the bulk metric is constant. Therefore, indicating withG the Einstein tensor built from the induced metric and withK = trK the trace of the extrinsic curvature, the equations of motion for our system are
whereT is the (5D) energy-momentum tensor present inside the ribbon codimension-2 brane. The requirement that a Z 2 symmetry across the cod-2 brane is assumed to hold inside the cod-1 brane is formalized asking that, when expressed in cod-1 GNC, the µν and ξξ components of the induced metriĉ g (as well as of the curvature tensorsĜ andK and of the energy-momentum tensorT) are symmetric with respect to the reflectionξ → −ξ, while the ξµ components are antisymmetric.
Perturbations around pure tension solutions
In the context of the nested branes with induced gravity, gravity regularization corresponds to the fact that the gravitational field on the ribbon brane remains finite when the thickness l 2 becomes smaller and smaller. Therefore, in this and the next section we study the gravitational field produced by a thick ribbon brane, and then consider the limit l 2 → 0 + in section 5. As we already mentioned, we consider configurations when the gravitational field produced by the matter is weak, but we allow for a generic tension (vacuum energy) to be present on the cod-2 brane. In this section we derive the pure tension solutions, and develop a formalism to study perturbations at first order around the (background) pure tension configurations. We indicate with an overbar the quantities which correspond to the background configurations.
Pure tension solutions
Let's consider localized source configurations such that, in cod-1 Gaussian Normal Coordinates, the (cod-1) energy-momentum tensor is of the form
whereλ > 0 and the localizing function f vanishes for |ξ| > l 2 and satisfies
This function can be considered to be a regularized version of the Dirac delta function, and to be compatible with the Z 2 symmetry present inside the cod-1 brane it has to be even with respect to the reflection ξ → −ξ. On everyξ-constant (4D) hypersurface, the source configurations (3.1) have the form of pure tension, where the total tensionλ is distributed according to the function f : we define "thick pure tension source" a source configuration which satisfy (3.1) and (3.2) , where f descibes the internal structure of the ribbon cod-2 brane. When the cod-2 brane become thin and f tends to a Dirac delta, the cod-2 energy momentum tensor tends toT
which is the energy-momentum tensor corresponding to a thin pure tension source (note that the minus sign is due to the choice of signature for the metric).
To find a solution to the equations of motion, we follow [41] (see also [39, 40] ) and consider a geometrical ansatz which enjoys translational invariance in the 4D directions parallel to the (mathematical) cod-2 brane: we assume that C 2 is placed at ξ = 0ᾱ
while the cod-1 brane has the following embeddinḡ
and the bulk metric is the 6D Minkowski metric
We assume furthermore that the function Y (ξ) is a diffeomorphism, which in particular means that Y never vanishes 2 . We can then use the gauge freedom to rescale the coordinate ξ →ξ in such a way that g ξξ (ξ) = 1, which implies
and therefore in full generality we can write Z and Y as
where S is smooth since Z and Y are, and is called the slope function. The name is justified by the fact that the slope of the embedding in the y − z plane at the pointξ is given by
(see figure 2 ). Note that in the (ξ, ξ µ ) reference system the metric induced on the cod-1 braneḡ ab is the 5D Minkowski metric (in particular (ξ, ξ µ ) is a cod-1 GN reference system) and that the metric induced on the cod-2 braneḡ (4) µν is the 4D Minkowski metric. Using (3.7), the 6D 1-form normal to the cod-1 brane readsn
and the only non-vanishing component of the extrinsic curvature of the cod-1 brane is
where ε = ±1 encodes the choice of the orientation of the cod-1 brane. 
Pure tension and deficit angle
It is easy to see that the bulk equations of motion are identically satisfied, while the only components of the junction conditions which are not trivially satisfied are the µν ones, which give
Note that, since the function f (ξ) is even, S (ξ) has to be even as well; we choose to impose the condition S(0) = 0, so that S(ξ) is odd, which in turn implies that Z ξ is odd and Y ξ is even. The function S(ξ) is therefore determined by the Cauchy problem
whose solution is
where we introduced the regulating function
Ifλ ≥ 2πM 4 6 , there exists a valueξ M (with |ξ M | ≤ l 2 ) such that Y vanishes and changes sign atξ =ξ M : in these cases, the cod-1 brane has a finite extent in theξ direction. More precisely, in these cases the cod-1 and the cod-2 brane coincide and are both ribbon branes; to have a cod-1 brane which is infinite also in theξ direction we have to imposeλ < 2πM 4 6 , in which case Y is a diffeomorphism R → R. We conclude that there exists a maximum tensionλ M = 2πM 4 6 for the thick pure tension solutions in the nested branes set-up to be well-defined. We assume henceforth thatλ <λ M ; in this case, the functions S(ξ), Z (ξ) and Y (ξ) are constant for |ξ| ≥ l 2 . Imposing that Z(0) = Y (0) = 0, so that Z ξ is even and Y ξ is odd, forξ ≷ ±l 2 we have (see appendix A)
where Z 0 and Y 0 are integration constants and
The slope of the embedding in the y − z plane outside the thick cod-2 brane depends only on the total amount of tensionλ, and is independent of the internal structure of the thick cod-2 brane; furthermore, if we keepλ constant and perform a limit in which l 2 → 0 + , Z + and Y + remain constant while Z 0 and Y 0 tend to zero (see appendix A). Therefore, if we restrict ourselves to configurations of the type (3.3)-(3.6), we can give a thin limit description to this set-up where the tensionλ is perfectly localized on the mathematical cod-2 brane C 2 and the components of the embedding function read
for every value ofξ. At first sight, there are two solutions for each value ofλ, which correspond to the choices ε = +1 and ε = −1: however, it is not difficult to see that the two solutions ε = +1, S > 0 and ε = −1, S < 0 actually give rise to the same spacetime. For definiteness, henceforth we choose ε = +1. From a geometrical point of view, the bulk correspondent to the solution defined by (3.4)-(3.6), (3.8) and (3.14) is the product of the 4D Minkowski space and of the region of the 2D Euclidean space which lies above the curve Y (ξ), Z(ξ) in the y − z plane. The thin limit solution (3.4)-(3.6) and (3.18) then corresponds to a geometric configuration which is the product of the 4D Minkowski space and a two dimensional cone of deficit angle α = 4 ϑ + , and using (3.9) and (3.17) we obtain
Therefore, pure tensionλ on a thin cod-2 brane produces a conical defect of deficit angleλ/M 4 6 in the case of nested branes with induced gravity, generalizing the well-known result which holds for pure cod-2 branes. Note that whenλ →λ − M the deficit angle tends to 2π, and the 2D cone tends to a degenerate cone (a half-line). The fact that the thick pure tension solutions are well-defined only ifλ <λ M is reflected in the thin limit by the fact that the thin 6D nested branes configurations tend to a singular configuration whenλ →λ − M .
Perturbations in the bulk-based approach
We now turn to the study of perturbations. When studying metric theories of gravity, a very important step in solving the equations of motion is the choice of the reference system. In fact, choosing the gauge wisely is often crucial to be able to solve the equations explicitly. In cod-1 braneworld models, there exist two choices which are commonly used in the literature: the brane-based and the bulk-based approach. It is very important to understand which of the two approaches is best suited to our set-up, where the source on the cod-1 brane lies inside a ribbon whose thickness we want eventually to send to zero.
Bulk-based and brane-based approach
As a guide, we can look at the pure tension solutions, which have been derived in the previous section in the bulk-based approach. First of all, the global geometry of the solution is very transparent in this approach, since the deficit angle is directly connected to the slope of the embedding. In a brane-based approach, this information would be encoded indirectly in the form of the bulk metric. Secondly, when we send l 2 to zero, the normal vector (3.10) becomes discontinuous atξ = 0 (i.e. at the mathematical brane C 2 , see appendix A) and the extrinsic curvature diverges there, while vanishing forξ = 0. In such a situation, we cannot impose (bulk) Gaussian Normal coordinates in a neighbourhood of C 2 , since a necessary condition to do that is that the normal vector field is smooth [42] . Furthermore, even if we just ask that the cod-1 brane is straight, the bulk metric must be (at least) discontinuous in the bulk, because the discontinuity of the normal vector is now encoded entirely in the bulk metric (see [34] ; of course, the singularity/discontinuity of the bulk metric is a pure coordinate artefact). This is true also for more general configurations: since the extrinsic curvature (2.11)-(2.13) is constructed from first derivatives of the bulk metric, if we fix the cod-1 brane embedding to be straight then we need a discontinuous or diverging bulk metric to generate an extrinsic curvature which diverges at one point. Therefore, a configuration where gravity is regularized is nevertheless reflected in the brane-based approach by the presence of discontinuities/divergences, with the difference that, if gravity is not regularized, then the discontinuities/divergences are not coordinate artefacts: to judge if gravity is regularized, we should perform a careful study of the behaviour of the geometry at the problematic points.
On the other hand, this is not necessarily the case in a bulk-based approach: since the extrinsic curvature is built from second derivatives of the embedding function, there exist a class of configurations (those where the embedding is cuspy and the bulk metric is smooth) where the extrinsic curvature diverges at C 2 , while the bulk curvature tensors and the induced curvature tensors are finite. Therefore, the bulk based approach is the only choice where the fact that gravity is finite is reflected by the property that the configuration (metric and embedding) is continuous. In our perturbative study, we would like to use an approach in which the properties of the bulk metric and cod-1 embedding reflects most clearly the fact that the intrinsic geometry diverges or not when the thin limit on the cod-2 brane is taken: therefore, we will use the bulk-based approach to perform our analysis, and we won't fix the embedding function.
Perturbation of the geometry
This in practice means that we leave both the bulk metric and the cod-1 embedding free to fluctuate, so we consider the perturbative decomposition
while we decide to keep fixed the position of the cod-2 brane in the cod-1 coordinate system (i.e. it is still located at ξ = 0). In addition, we still use the 4D coordinates of the cod-1 brane to parametrize the cod-2 brane, so the embedding of the cod-2 brane reads
also at perturbative level. We define the perturbations of the metric induced on the cod-1 brane as follows
and analogously we define the perturbation of the metric induced on the cod-2 brane as
It follows that, since the embedding of the cod-2 brane in the cod-1 brane is trivial, the perturbation of the metric induced on the cod-2 brane is linked to the perturbation of the metric induced on the cod-1 brane by the simple relation h
When considering quantities which are decomposed in a background and a perturbation part, we use the convention that indices on the perturbation part of every quantity (and on the background part as well) are lowered/raised with the background metric. For example, considering the parallel vectors v (a) , we consider the perturbative decomposition
and the index-lowered background and perturbation parts read
As a matter of fact, the vectors v (µ) will not play a crucial role in the analysis, so in the following we will indicatev A (ξ) and δv A (ξ) simply withv A and δv A . The 2D indices i, j and k, which run on the extra dimensions z and y, are raised/lowered with the identity matrix, so we have for examplē
Perturbation of the source
Concerning the source term, we consider a perturbed energy-momentum tensor which in cod-1 GNC is of the formT
whereT ab is the energy-momentum of the matter present inside the (thick) cod-2 brane and satisfies the relations (2.3). Note that we perturb both the matter content and the tension (δλ) of the cod-2 brane. At linear order, the equation (3.30) readŝ
whereT ab is the (thick) background pure tension source term, −δ µ a δ ν b f (ξ)λĥ µν is a perturbation term coming from the background tension and
is the perturbation term due to the tension perturbation and to the matter. Note that in principleT ab and δT ab may be characterized by different localization lengths l 2 and l 2 : we ask that they are of the same order of magnitude l 2 ∼ l 2 , and in the following for simplicity we indicate with l 2 the biggest between l 2 and l 2 . In particular, in the following we implicitly assume this convention when we use the notation defined in the equations (2.5)-(2.7). It is important to notice that, in principle, the presence of the matter may alter the distribution of the tension inside the thick cod-2 brane, as a consequence of generalized Casimir effects, and that the localizing function may be dependent on the amount of tension. We assume that such effects are not present, and in particular the form of the background solution and the form ofT ab are independent in our analysis.
In analogy to what we did above, we define the matter cod-2 energy-momentum tensor as follows
The scalar-vector-tensor decomposition
We motivated above that, when considering nested branes with induced gravity set-ups, it is convenient to use a bulk based approach where the embedding of the cod-1 brane is free to fluctuate. However, fixing the gauge is in general very useful because it permits to get rid of pure gauge perturbation modes and work only with physical perturbation modes. Therefore, if we want to follow the route sketched above, we need a way to recognize and separate pure gauge modes from physical modes without fixing any gauge in the bulk. We achieve this by performing a scalar-vector-tensor decomposition with respect to the 4D Lorentz group (acting on the coordinates x µ in the bulk, on the coordinates ξ µ on the cod-1 brane, and on the coordinates χ µ on the cod-2 brane C 2 ), and by working with gauge invariant variables. Note that, to perform this decomposition, we have to impose 4D boundary conditions which render the D'Alembert operator 4 invertible; we implicitly assume this in the following. Most importantly, the convenience of using this decomposition is also that, at linear order, the three sectors (tensor, vector and scalar) decouple, and so the equations of motion in each sector may be simpler to solve than the complete equations. In particular, we shall see below that the perturbation modes of the embedding of the cod-1 brane (bending modes) play a role only in the scalar sector, where they are crucial for the regularization of gravity: so the decomposition also helps us to focus on the subtleties involved with the bending modes and on the mechanism we want to study.
Metric and bending decomposition
We consider the following decomposition of the bulk metric perturbation in TT-tensor, T-vector and scalar parts
where all the quantities are functions of the bulk coordinates X · and we use the notation ∂ µ ≡ ∂/∂x µ . In particular, H µν is a transverse-traceless symmetric tensor while V µ , A zµ and A yµ are transverse 1-forms, and ω, ρ, ψ, σ z , σ y , π and are scalars. Regarding the scalar part of the µν components, we call trace part the scalar field which multiplies the Minkowski metric (in this case π), while we call derivative part the scalar field derivated twice with respect to the 4D coordinates (in this case ). Concerning the codimension-1 brane embedding, the bending modes δϕ z and δϕ y are scalars; for the 4D components, we consider the decomposition δϕ µ = δϕ
where δϕ 4 is a scalar and δϕ T µ is a transverse vector, and ∂ ξ µ ≡ ∂/∂ξ µ . Similarly, we perform the scalar-vector-tensor decomposition of the cod-1 induced metric with respect to the 4D coordinates ξ µ . Note that, if we consider only the 4D coordinates x µ in the bulk, the background embedding of the cod-1 brane into the bulk is trivial; this implies that the scalar/vector/tensor sector of the cod-1 induced metric is constructed only with the corresponding sector in the bulk evaluated on the brane (and with the corresponding sector of the bending modes). In other words, passing from the bulk metric to the induced metric does not couple the different sectors. In turn, this is true also when we pass form the cod-1 brane to the cod-2 brane, where we consider a scalar-vector-tensor decomposition with respect to the coordinates χ µ . To avoid a cumbersome notation, we use henceforth the convention that the evaluation on the cod-1 brane of a bulk quantity is indicated with a tilde, so for examplẽ
and similar definitions hold for the other bulk fields. Likewise, we use the convention that the evaluation on the (mathematical) cod-2 brane of a bulk quantity is indicated with a superscript (4) , so for example
Since we assume that the cod-2 energy momentum tensor is covariantly conserved, the invertibility of the operator 4 implies
which in particular means that the vector sector is not sourced at first order in perturbations when the cod-2 brane is thin. This result corresponds to the well-known result that, when considering first order perturbations around the 4D Minkowski spacetime, the interaction term in the action between the vector mode and the energy-momentum tensor is a total derivative if the latter is covariantly conserved.
Bulk gauge invariant variables
In order to identify the physical perturbation modes and the pure gauge perturbation modes, and to work only with the former modes, we recast the theory in terms of gauge invariant (g.i.) variables. Considering an infinitesimal change of coordinates in the bulk
the metric tensor transforms as follows
and the bending modes transform as
where we definedΛ L ≡ Λ L (φ · (ξ · )) and it is intended that a prime here does not denote a derivative but just the fact that the quantities are expressed in the new coordinate system. In the context of the 4D scalar-vector-tensor decomposition, we can decompose the gauge parameter as follows: defining the index lowered gauge parameter as Λ N = η N L Λ L , we have that Λ z = Λ z and Λ y = Λ y transform as scalars, while the 4D part decompose as
where Λ 4 is a scalar while Λ T µ is a transverse 1-form. It is straightforward to check that the tensor part of the bulk metric perturbations is gauge invariant
while the gauge invariant variables for the vector part of the bulk metric perturbations are
and the gauge invariant variables for the scalar part of the bulk metric perturbations are
where h gi ij synthetically indicates the variables ω gi , ρ gi and ψ gi .
Brane gauge invariant variables
The Einstein equations in the bulk can be written in terms of gauge invariant variables alone, as it is easy to check. This is a consequence of the covariance of the Einstein equations, and of the fact that we can choose a gauge (the one where V µ = = σ z = σ y = 0) in which the g.i. variables are equal to the non-zero components of the metric perturbations. We may wonder if also the perturbation of the embedding of the cod-1 brane can be described in a gauge invariant way, since at first sight the presence of the brane seems to break the diffeomorphism invariance in the bulk. This invariance is indeed broken if we describe the brane as a fixed boundary, or if we constrain in any way its position. However, if we allow the brane to fluctuate freely, the presence of the bending modes in the equations of motion actually enforces the diffeomorphism invariance in the bulk. This can be understood also from the fixed-boundary point of view: in that case, the broken diffeomorphism invariance in the bulk can be reinstated using Stückelberg fields, which however are physically interpreted as bending modes [20, 21] .
In fact, we can give a gauge invariant description of the fluctuation in the brane position by considering the following gauge invariant versions of the bending modes
where δϕ z gi , δϕ µ belongs to the vector sector. Henceforth we refer to these variables as the brane-gauge invariant variables. Note that, in the gauge V µ = = σ z = σ y = 0, they coincide with the bending modes.
The possibility to describe in a gauge invariant way both the perturbations of the bulk metric and the perturbations of the brane embedding, permits in the nested brane set-up to study the perturbations around the pure tension solutions in a purely gauge-invariant way.
The equations of motion for the perturbations

Bulk equations of motion and master variables
The Einstein equations in the bulk (2.15) decompose into three groups of equations respectively for the tensor, vector and scalar part of the metric perturbations. The equation for the tensor sector is
while the equations for the vector sector are
Note that taking the 4D divergence ∂ ν of the equation (4.3) we get
and applying the inverse of the 4D D'Alembert operator (which we indicate with 1/ 4 ) we obtain
Therefore, the bulk equations of motion for the vector sector are 6 A iµ = 0 (4.6)
where the equation (4.6) synthetically expresses the two equations for A zµ and A yµ .
Regarding the scalar sector, in principle every component of the bulk Einstein equations produces an equation for the scalar sector. However, the Bianchi identity
links together (in a differential way) the components of the Einstein tensor (independently of the fact that the metric solves the Einstein equations or not); this implies that it is sufficient to impose that
and that the trace part of the bulk Ricci tensor vanishes, to guarantee that the other components of the Einstein equations are satisfied. Therefore the bulk equations for the scalar sector read
where the equation (4.9) synthetically expresses the equations for ij = zz, zy and yy.
Scalar master variables
The analysis can be greatly simplified by expressing the equations in terms of master variables [44] (see also [45] ). Considering the scalar sector, a closer look to the bulk equations (4.9)-(4.10) reveals that the field π obeys a decoupled equation; furthermore, the invertibility of the operator 4 implies that the other gauge invariant variables are completely determined in terms of π by the equation (4.9), since we have
Moreover, evaluating the equation above on the cod-1 and cod-2 brane we can express the variablesh gi ij and h (4) ij in terms ofπ and π (4) : therefore, for the scalar sector we can actually work with only one metric variable, the master variable π.
Concerning the brane-gauge invariant variables, as we mentioned above the variable δϕ gi 4 does not appear in δG ab and δK ab , so it does not appear at all in the equations of motion. Regarding the two remaining bending gauge invariant variables δϕ z gi and δϕ y gi , it is customary to describe the perturbations of the brane embedding by projecting the bending mode in the normal direction and in the parallel direction to the brane; we define therefore the normal component of the bending δϕ ⊥ and the parallel component δϕ δϕ ⊥ ≡n i δϕ i gi δϕ ≡v i δϕ i gi (4.12) in terms of which the brane gauge invariant variables read
It is important to keep in mind that, despite the normal and parallel components of the bending have an intuitive geometrical meaning when the normal vector is smooth, they are not well defined when the normal vector is discontinuous, while the z and y components of the bending remain well-defined. A compelling reason for working with the normal and parallel components of the bending is that, when considering perturbations around a straight brane, the parallel component is a pure gauge mode since it does not appear in the equations of motion, and so the perturbation of the brane position can be described by only one master variable, δϕ ⊥ . On the other hand, when the background configuration of the brane is bent, the perturbation of the extrinsic curvature contains both the normal component δϕ ⊥ and the parallel component δϕ (we discuss this point in the appendix B). Therefore, when the cod-2 brane is thick, we need to take explicitly into account δϕ as well and to work with two brane-master variables. However, this is not necessarily the case when we consider the thin limit of the cod-2 brane. In fact, in this limit the brane is straight everywhere apart fromξ = 0 where the embedding is not derivable (see appendix A), and so δϕ disappears from the junction conditions forξ = 0. If we are able to express the junction conditions at the cod-2 brane entirely in terms of δϕ ⊥ and π, the whole system (in the scalar sector) is described by two master variables: the "metric" master variable π, and the "bending" master variable δϕ ⊥ . This is indeed what happens in our set-up, as we shall see.
Vector master variable
Regarding the vector sector, the vector bending mode δϕ (T ) µ at first order does not contribute to the cod-1 Ricci and Einstein tensor and to the extrinsic curvature, as can be checked in appendix B. Therefore the equations of motion for the vector sector involve only "metric" gauge invariant variables. Moreover, also in the vector sector we can introduce master variables. In fact, as it is shown in [44] , the condition (4.7) implies that the gauge invariant variables A zµ and A yµ can be derived from a master variable Φ µ as follows
where ij is the totally antisymmetric symbol of unit weight (Levi-Civita symbol), and we choose the sign convention yz = +1. Note that the variable Φ µ is not unique, since it can be freely redefined by adding an arbitrary function of the 4D coordinates x µ . It is easy to check that with our convention we havē
and thereforev
The codimension-1 junction conditions
In analogy with the definition of the perturbation of the induced metric (3.23), we define the perturbation of the cod-1 Einstein tensor and of the cod-1 extrinsic curvature as follows
To study the junction conditions at perturbative level, we use henceforth the cod-1 Gaussian Normal Coordinates which we introduced in section 2.2.1. It may seem strange that, having paid attention to work in a gauge-invariant way in the bulk to avoid fictitious singularities produced by the bulk GNC, we choose now to impose GNC inside the cod-1 brane. To justify this, note first of all that it is always possible (at least locally) to impose Gaussian Normal Coordinates in each of the two domains which constitute the cod-1 brane and whose common boundary is the mathematical brane C 2 . We can then join in a smooth way the two "partial" reference systems, and obtain a cod-1 Gaussian Normal Coordinates system (at least) in a neighbourhood of the cod-2 brane. This procedure works perfectly also in the thin limit, since the fact that the embedding becomes cuspy (from the bulk point of view) does not have any influence on our ability to impose the Gaussian Normal Coordinates in each of the two parts, and to join them smoothly (from a brane point of view). Therefore, the use of Gaussian Normal Coordinates inside the cod-1 brane is justified in our set-up.
The perturbative junction conditions
If we insert the perturbative decomposition of the metric and embedding around the background solutions in the junction conditions (2.16), we obtain the background junction conditions (which we disregard) plus a perturbation piece. The latter contains, in the left hand side, a term
which cancels (as a consequence of the background relation (3.12) and of the cod-1 GNC) the source term
which arises when we perturb the metric which multiplies the unperturbed tension. Disregarding these two terms as well, and noting thatĥ cdK cd vanishes because of the cod-1 GNC, the perturbation of the junction conditions reads −2 M . As we mentioned above, the 4D components of the bending modes δφ µ do not contribute to the perturbation of the extrinsic curvature δK ab and of the Einstein tensor δĜ ab ; furthermore, the z and y components of the bending δφ i contribute only to the scalar sector of δK ab and of δĜ ab (see appendix B). Therefore, the bending modes appear only in the scalar sector of the perturbative junction conditions (4.21)-(4.23), and more in general of the equations of motion. Using the formulae of appendix B, the tensor sector of the perturbation of the cod-1 junction conditions reads explicitly
while the vector sector of the perturbation of the cod-1 junction conditions reads
Note that, taking the 4D divergence of the equation (4.26) and applying the operator 1/ 4 , we get
Finally, considering the scalar sector, the ξξ and the the ξµ components of the perturbation of the junction conditions eq. (4.21) and eq. (4.22) read respectively
and, taking the 4D divergence of the equation (4.29) and applying the operator 1/ 4 , we get
Regarding the (scalar sector of the) µν components of the perturbation of the junction conditions eq. (4.23), the derivative part reads
while the trace part reads
Taking the trace of the "derivative" equation (4.31) we get 
The pure tension case
As a first check of the consistency of our analysis, we consider the case of a pure tension perturbation. In this case, the energy-momentum for the matter vanishesT ab = 0 and we have
Inspired by the form of the background solutions, we consider an ansatz for the perturbation fields where the bulk metric perturbation h AB and the 4D components of the bending δφ µ vanish, and the z and y component of the bending depend only onξ (note that in this case the bending modes coincide with their gauge invariant versions). This implies that
so the requirement that the coordinate system (ξ, χ · ) is Gaussian Normal inside the cod-1 brane is equivalent to the conditionv i δφ i = 0. It is easy to see that all the equations of motion are identically satisfied apart from (4.32) which reads 2M
To solve this equation, it is useful to introduce the orthogonal and parallel component of the perturbation of the parallel vector v (ξ) , namely
and in particular we note that in this case in cod-1 GNC we have δv = 0. Using the identityn i δφ i = (n i δφ i ) −n i δφ i and the relation (B.39), we can express the equation (4.36) as
which can be integrated to give
which in particular implies that δv ⊥ (ξ) is constant forξ ≷ ±l 2 . Since (again using (B.39)) we have in general δϕ
we conclude that for |ξ| ≥ l 2 we have
where δφ 0 is an integration constant. Note that the equations of motion does not fix δφ 0 , which is then arbitrary; this is consistent with the fact that, since the bulk is exactly Minkowsky, a rigid translation of the brane is a symmetry of the system. To understand the geometrical meaning of this configuration, we note that the (total) embedding function is of the form
where Z = Z + δφ z and Y = Y + δφ y . The solution defined by (4.41) corresponds to a configuration where the bulk is a (Z 2 symmetric) couple of slices of the 6D Minkowski spacetime, such that the total deficit angle is α = 4ϑ + where
which at first order in perturbations reads
Applying the arctan to both sides of the former equation and expanding it around the value tan S + in the right hand side, we get at first order
where we used the background relation (3.17) and the perturbative solution (4.39) to obtain the second equality. We conclude that a pure tension perturbation δλ on the cod-2 brane produces a variation of the deficit angle
while the bulk metric remains the Minkowski metric. This is the same result we get from the exact solutions we obtained in section 3.1, and therefore suggests that our perturbative analysis is consistent.
The thin limit of the codimension-2 brane
We now turn to the analysis of the thin limit of the ribbon cod-2 brane, i.e. to the limit l 2 → 0 + .
The thin limit procedure
In general, the thin limit description of a theory with localized sources is a description which provides a very good approximation to the true theory when we focus on length scales which are much bigger than the typical localization scales of the sources. However, to perform the thin limit in practice it is more convenient to adopt a different (but equivalent) point of view: we consider a fixed theory, and consider source configurations whose thickness becomes smaller and smaller, while keeping constant the "total" amount of the source. In our case, we construct a sequence of source configurationsT [n] ab whose localization length l 2 tends to zero when n → +∞, but such that the cod-2 energy momentum tensor (defined in (2.4)) is independent from n. In the perturbative decomposition, this implies that we consider a sequence of localizing functions f[n] which is a realization of the Dirac delta function, so that the background energy-momentum tensor converges to a thin pure tension configuration
Likewise, we consider a sequence of matter energy-momentum tensorsT [n] ab such that the matter cod-2 energy momentum tensor (defined in (3.33)) is independent from n; we still indicate it with T (4) µν . For each value of n, we consider the embedding and bulk metric configurations which solve the equation of motion withT [n] ab as a source. In particular, to the sequenceT ab we associate the sequence of bending modes δϕ i
[n] and the sequence of metric perturbations H [n] µν , π[n] and so on. For economy of notation, we indicate with h [n] ij and δϕ i
[n] respectively the sequences associated to the gauge invariant variables h gi ij and δϕ i gi and not to h ij and δϕ i themselves. To indicate the limit configurations to which to sequences of fields converge, we substitute the symbol [n] with the symbol ∞, so for example
→ δϕ i ∞ and so on. The thin limit of the background configurations is studied in appendix A.
Note that, at linear order in perturbations, the effect on the metric perturbations and on the bending modes of a tension perturbation and of a matter perturbation is additive, so we may write
where δϕ i pt is the bending correspondent to a pure tension perturbation and δϕ i pm is the bending correspondent to a pure matter perturbation (the perturbation of the metric vanishes in the pure tension case, so h AB = h pm AB ). We already studied the effect of a pure tension source perturbation in our framework in section 4.2.2: therefore, from now on we will consider only a pure matter perturbation, and will implicitly assume this even if, for economy of notation, we will omit to write explicitly the subscript/superscript " pm / pm ".
The singular structure of the perturbations fields
To understand what happens to the solutions of the equations of motion when the cod-2 brane becomes thin, the only thing we can do is to make hypothesis on the behaviour of the perturbation fields when the thin limit is taken, and a posteriori study if these assumptions are consistent. Since we want to investigate if gravity remains finite in the thin limit, we propose here an ansatz which generates a finite gravitational field on the thin cod-2 brane.
The geometric ansatz
Naively speaking, the non-trivial point in the phenomenon of gravity regularization in our set-up is that, when we perform the thin limit, we need to generate a delta-function singularity in the left-hand side of the equations (4.31) and (4.32) (therefore, in the extrinsic curvature and/or in the cod-1 Einstein tensor), while having a finite cod-2 Ricci tensor. We mentioned above that there exists a class of configurations which has exactly these properties, i.e. the configurations where the bulk metric is smooth while the embedding converges to a profile which is cuspy in theξ-direction at C 2 . These configurations satisfy the requirements because the delta singularity is produced via secondξ-derivatives of the embedding function, which being continuous gives rise to an induced metric which is finite on the cod-1 brane even at the position of the cod-2 brane.
Under this hypothesis, the only terms which can diverge in the cod-1 extrinsic curvature and Einstein tensor are those which contain second derivatives with respect toξ of the embedding functions (background or perturbation part), and the second derivatives with respect toξ of the bulk perturbations evaluated on the brane (e.g.π andĤ µν ), while the evaluation on the brane of the bulk perturbations and their derivatives with respect to the bulk coordinates do not diverge (for example ∂ 2 z π and ∂ 2 z π evaluated in ϕ · (ξ · ) are bounded). Taking a look at the sections B.2 and B.3 of the appendix B, it is clear that the only components of the cod-1 curvature tensors δĜ ab and δK ab that can diverge are δĜ µν and δK ξξ . This is promising, since δĜ µν and δK ξξ appear only in the µν components of the junction conditions (4.23) which are the only components which are sourced by a diverging energy-momentum tensor in the thin limit. Furthermore, taking a look at the junction condition for the tensor sector (4.24) and at the "derivative" and "trace" junction conditions for the scalar sector (4.31) and (4.32), it is evident that each of these equations possesses on the left hand side a diverging term which may balance the diverging coming from the energy-momentum on the right hand side. It is worthwhile to notice that, both for the tensor and the "derivative" equation, the diverging pieces are contributed solely by the cod-1 induced gravity term: in absence of induced gravity on the cod-1 brane, this ansatz would not be valid, apart from the special case of a pure tension perturbation. We further comment on this point in the Conclusions.
We therefore choose this ansatz as a working hypothesis on the structure of the perturbation fields in the thin limit. Since the pillbox integration across the cod-2 brane is subtle, it turns out to be necessary to spell out very clearly the character of convergence of the sequences of perturbation fields to their limit configuration. Consistently with the considerations above, we assume that the perturbation of the bulk metric and its derivatives of every order converge uniformly to smooth limit functions, and that the perturbation of the components of the embedding and all its 4D derivatives converge uniformly to continuous limit functions. On the other hand, we assume that the first derivative with respect toξ of the components of the embedding converge pointwise to limit functions which are not necessarily continuous inξ = 0. This is consistent with the convergence properties of the sequences of background embedding functions Z[n] and Y[n], which we discuss in appendix A (for the definition of the standard concepts of uniform convergence and pointwise convergence of a sequence of functions see e.g. [46] ).
Pure cod-1 and cod-2 junctions conditions
From the point of view of the structure of the equations of motion, the thin limit has the effect of splitting the junction condition into two sets of conditions. In fact, when the cod-2 brane is thick we have to solve the equations both outside the physical cod-2 brane, wherev i andn i are constant (external solutions), and inside the cod-2 brane (internal solution), and join smoothly these solutions at the boundaries of the cod-2 brane. Since l 2 → 0 for n → +∞, in the thin limit the equations for the "external" fields are valid forξ = 0: the equations for the internal fields then generate a set of conditions which relate the value of the external fields atξ = 0 − andξ = 0 + . We refer to the former set of equations as pure codimension-1 junction conditions and to the latter set of conditions as codimension-2 junction conditions.
To derive the codimension-2 junction conditions, it is necessary to make explicit use of the parity properties of the fields with respect to the reflectionξ → −ξ. Note first of all that, by construction, Z is odd while Y is even. As we mentioned in section 2.2.3, the Z 2 symmetry present inside the cod-1 brane implies that the ξξ and µν components ofĝ,R andK are even, while their ξµ components are odd. From (B.5)-(B.10) it follows thatĥ gi zz ,ĥ gi yy ,π, δφ z gi ,Â zµ andĤ µν are even, whileĥ gi zy , δφ y gi andÂ yµ are odd. Furthermore, every ∂ξ derivative changes the parity from even to odd and the other way around, while the 4D derivatives ∂ χ µ leave the parity unaltered. Expressing the ∂ξ derivative asv i ∂ i , we can then infer that ∂ z derivatives acting on a bulk field leave unaltered the parity, while ∂ y changes it. We stress that this is true only when the bulk fields and their ∂ i derivatives are evaluated on the cod-1 brane, since we don't impose a Z 2 × Z 2 symmetry in the bulk and therefore the bulk fields do not have definite parity properties away from the cod-1 brane.
Tensor and vector sectors
Tensor sector
Let's consider first the tensor sector. Considering the equation (4.24), we first note that, for |ξ| ≥ l µν obeys
Taking the limit n → +∞, the limit of the sequence (if it exists) satisfies forξ = 0 the pure cod-1 junction condition
To derive the cod-2 junction condition, we substituten, H µν and T µν respectively withn [n] , H
[n] µν and T [n] µν in the equation (4.24) and perform a pillbox integration across the cod-2 brane. Since by our ansatz bothn i [n] and ∂ i H [n] µν remain bounded in the n → +∞ limit, we get
and therefore we obtain the cod-2 junction condition for the tensor sector 
Vector sector -gauge invariant variables formulation
Regarding the vector sector, for |ξ| ≥ l
2 , each element of the sequencesÂ
zµ andÂ [n] yµ obeys
where the eq. (5.7) comes from the ξµ components of the junction conditions eq. (4.25) and the eq. (5.8) comes from the µν components of the junction conditions eq. (4.27). Therefore, the pure cod-1 junction conditions for the vector sector are
which are again valid forξ = 0.
To derive the cod-2 junction conditions, we note that the µν equation (4.27) contains diverging pieces while the ξµ equation (4.25) contains at most discontinuous pieces, and its source termD µ vanishes in the thin limit. Therefore, the cod-2 junction conditions are obtained by imposing that the left hand side of the ξµ pure cod-1 junction condition (5.9) is continuous atξ = 0 (i.e. itsξ → 0 + andξ → 0 − limit coincide), and by performing a pillbox integration of the µν equation (4.27). The former condition, using ∂ξ =v i ∂ i , can be rewritten as On the other hand, taking into account (3.49), the pillbox integration of the equation (4.27) reads
and, since by our ansatz bothn
iµ remain bounded in the n → +∞ limit, we get
SinceÂ ∞ yµ vanishes inξ = 0 ± because it is odd and continuous, we get
and so we reproduce (5.13). Therefore, the gauge invariant vector modes vanish on the cod-2 brane in the thin limit: this is compatible with the observation at the end of section 3.3.2 that the vector modes are not sourced in the thin limit.
Vector sector -master variable formulation
Using the relations (4.14) and (4.16), we can recast the thin limit equations of motion for the vector sector in terms of the master variable Φ ∞ µ . Considering first the pure cod-1 junction conditions, the equation (5.9) in terms of Φ ∞ µ reads
Sincev ∞ andn ∞ are orthonormal, we have
and therefore we can express (5.17) as
where 2 is the 2D Laplace operator. Similarly, the equation (5.10) in terms of Φ ∞ µ reads
Regarding the cod-2 junction conditions, the conditionŝ
imply that the z and y derivatives of Φ ∞ µ vanish on the cod-2 brane
Scalar sector
Pure cod-1 junctions conditions
To derive the pure cod-1 junction conditions for the scalar sector, it is sufficient to substitute in the equations (4.28), (4.30), (4.32) and (4.33) the background and perturbation fields with the correspondent sequences indexed by [n], to imposev i = 0 and to set to zero the right hand side of these equations. Taking the limit n → ∞ we then obtain the pure cod-1 junction conditions (ξξ component) (µν components, trace)
which are valid forξ = 0. These four equations are actually not independent, but are linked by differential relations if we take into account the bulk equations. In fact, expressing the equations in terms of the metric master variable π (using the relation (4.11), which encodes part of the bulk equations), it is possible to see that the equations above are linked by the relations 
which are valid wherev i =n i = 0, these two equations read in terms of the master variables
and
Note that the field π ∞ obeys a decoupled equation also on the pure cod-1 brane.
Cod-2 junctions conditions
To derive the cod-2 junction conditions, we note that the left hand sides of the ξξ equation (4.28) 
is identically satisfied since all the terms in the left hand side are even. Concerning the equation (5.25), the terms in the left hand side are odd and so the condition
is not identically satisfied, and produces the cod-2 junction condition
where we used the (background) relation 2 Z ∞ | 0 + Y ∞ | 0 + = sin λ /2M 4 6 and the fact thatĥ ∞ zy is continuous and odd and therefore vanishes inξ = 0 + .
We come now to the pillbox integration of the equations (4.32) and (4.33) across the cod-2 brane. According to our ansatz on the singular behaviour of the perturbations at the cod-2 brane, the only term which diverges in the left hand side of the equation (4.33) is M 3 5v i 4 δφ i gi . Therefore, the derivative part of the µν components of the junction conditions produces the condition
Similarly, the only terms which diverge in the left hand side of the equation (4.32) are the ones which are derived twice with respect toξ (remember thatv i =φ i ). Therefore, the trace part of the µν components of the junction conditions produces the condition
We can simplify this equation noting that, using (B.36), we haven
, and that the integral on the left hand side of (5.37) is present also in (5.38). Using the continuity equation for the cod-2 energymomentum tensor (3.48), we conclude that it is equivalent to impose the conditions (5.37) and (5.38), or the condition (5.37) and the following condition
The integrations in the equations ( 
The latter equation, together with (5.36), constitutes the thin limit cod-2 junction conditions. Concerning the discussion at the end of section 4.1.1 on the number of bending master variables, we note that we managed to express the cod-2 junction conditions in terms of δϕ ⊥ only (and not δϕ ), and so we confirm that the thin limit equations for the scalar sector can be expressed in terms of one metric master variable, π ∞ , and one bending master variable, δϕ ∞ 
Discussion
We now discuss the thin limit equations we derived in the previous sections, in relation with the regularization of gravity and the well-definiteness of the thin limit. For clarity of exposition, in this section we omit the symbol ∞: it is implicitly assumed that all the fields which appear here are the limit configurations of the sequences indexed by n.
Scalar sector
Let's start with the discussion of the scalar sector. As we showed in the last section, the thin limit equations of motion for this sector read
Considering for the moment only the bulk equation (5.42) and the pure cod-1 junction conditions (5.43), we note that these equations are exactly the equations for a 6D cod-1 DGP model: their form is more complicated than the one usually found in the literature just because we didn't impose transverse-traceless conditions in the bulk, which is usually a standard choice. In particular, the second of the equations (5.43) is the 5D wave equations for the bending mode δφ ⊥ , while the equation (5.42) and the first of the equations (5.43) are the 6D wave equation for π together with the boundary condition on the brane. With appropriate boundary conditions at infinity in the extra dimensions, if we assume that the fields δφ ⊥ , π andπ are smooth then the system of these equations is well-defined, and admits a unique solution. If now we relax the assumption that δφ ⊥ , π andπ are smooth, and assume that inξ = 0 the fields δφ ⊥ and π are continuous but not derivable with respect toξ, the system of differential equations (5.42)-(5.43) does not single out a unique solution any more, because there is freedom in choosing how to patch the solutions for the fields δφ ⊥ andπ atξ = 0 + andξ = 0 − . To single out a unique solution, we need to add two conditions (one forπ and one for δφ ⊥ ) atξ = 0 which fix this arbitrariness. This is exactly the role of the cod-2 junction conditions in our set-up: in fact, it is convenient to group the equations (5.42)-(5.44) as follows
We see that the first of the cod-2 junction conditions (5.44) acts as boundary condition of the Neumann type on the side of the thin cod-2 brane for the fieldπ, while the second of the cod-2 junction conditions (5.44) acts as boundary condition of the Dirichlet type on the side of the thin cod-2 brane for the field δφ ⊥ . Moreover, the details of the internal structure of the cod-2 brane, which are encoded in the explicit form of the sequences
ab , do not enter the thin limit equations and only the integrated quantitiesλ and T (4) µν are present. Therefore, at least for the scalar sector, the ansatz we proposed in section 5.1.1 gives rise to a well-defined system of differential equations, and the internal structure of the cod-2 brane does not play a role in the thin limit. Since the ansatz corresponds to a class of configurations where the gravitational field is finite on the cod-2 brane, we conclude that (for what concerns the scalar sector) gravity is indeed regularized in the nested branes with induced gravity set-up, and that the thin limit of the cod-2 ribbon brane inside the (already thin) cod-1 brane is well-defined (at least for first order perturbations around pure tension solutions).
It is interesting to comment on the interplay between the master variables π and δφ ⊥ , and on how the presence of matter on the cod-2 brane sources the total field configuration according to the coupled system of equations for π and δφ ⊥ . First of all, note that if there is no matter on the cod-2 brane then the configuration π = 0, δφ ⊥ = 0 is a solution of the system of equations (it is the background solution in fact). If we turn on the energy-momentum tensor on the cod-2 brane,T forces the cod-2 brane to move (equation (5.49)): remember in fact from section C.2 that δφ ⊥ 0 + is proportional to the bending of the cod-2 brane in the bulk δβ z ∞ . This movement acts as a boundary condition for the movement of the cod-1 brane (equation (5.48) ), producing a non-trivial cod-1 bending profile. This profile necessarily has non-vanishing firstξ-derivative on the side of the cod-2 brane, and this acts as a source for the metric master variable π, since it produces a non-trivial boundary condition forπ on the side of the cod-2 brane (equation (5.47)). As a consequence, a non-trivial profile for π in the bulk and on the cod-1 brane is created (equations (5.45) and (5.46)). The profile ofπ on the cod-1 brane in turn acts as a source for δφ ⊥ on the cod-1 brane (equation (5.48)), and so on.
Tensor and vector sectors
Regarding the tensor sector, the thin limit equations of motion read
and we see that the situation is analogous to the scalar sector. The equations (5.50) and (5.51) are exactly the equations for the tensor sector in a 6D cod-1 DGP model, and need an additional condition atξ = 0 ± to give a unique solution if we assume thatĤ µν is continuous but not derivable inξ = 0. This condition is provided from the cod-2 junction condition (5.52), which is a boundary condition of the Neumann type. Analogously to the scalar sector, the energy-momentum tensor excites the metric field by providing a non-trivial boundary condition at the side of the cod-2 brane, which then creates a non-trivial profile on the cod-1 brane and in the bulk via the equations (5.50) and (5.51). Also in this case the internal structure of the cod-2 brane does not play a role in thin limit, so also in the tensor sector gravity is regularized and the thin limit of the cod-2 ribbon brane inside the (already thin) cod-1 brane is well-defined. The situation in the vector sector is instead peculiar. The thin limit equations of motion read in terms of the master variable
and the gauge-invariant vector modes of metric perturbations are linked to the master variable by
Note first of all that the cod-2 junction conditions (5.55) imply that the normal derivative of Φ µ vanish on both sides of the cod-2 brane
On the other hand, the second of the pure cod-1 junction conditions (5.54) implies that the quantity
is constant with respect to the coordinateξ: the relations (5.57) then imply that
where Φ (4) µ is the master variable evaluated on the cod-2 brane (i.e. atξ = 0). Moreover, the bulk equations (5.53) imply that
where F µ is some vector function of the 4D coordinates x · only. Using the relation 2 Φ µ = − 4 Φ µ + F µ in the first of the pure cod-1 junction conditions (5.54), and applying the operator 1/ 4 , we get 
Therefore, the equations of motion (5.53)-(5.55) for the master variable are equivalent to the system
This result implies first of all that the system of differential equations for the vector sector is compatible, since the configuration 
where Ψ µ vanish on the cod-2 brane, i.e. Ψ (4) µ (χ · ) = 0. Plugging the expression (5.67) in the system (5.63)-(5.65), we obtain the following system of differential equations for the function Ψ µ (X · )
whose unique solution compatible with the boundary conditions is Ψ µ = 0. Therefore the solution for the master variable in the vector sector is always of the form Φ µ = F µ (x · ), where F µ is some vector function of the 4D coordinates only. We conclude that in the thin limit the gauge invariant vector modes are zero not only on the cod-2 brane, but also on the cod-1 brane and in the bulk. This is again consistent with the fact that the gauge invariant vector modes are not sourced in the thin limit (cfr. equation (3.49) ), but is actually a much stronger conclusion. Note that this conclusion is completely independent of the details of the internal structure of the cod-2 brane. It follows that our ansatz on the singular behaviour of the perturbation fields is consistent and that the thin limit of the cod-2 brane is well-defined also in the vector sector.
Conclusions
In this paper, we studied the behaviour of weak gravitational fields in models where a 4D brane is embedded inside a 5D brane equipped with induced gravity, which in turn is embedded in a 6D spacetime. More precisely, we considered a specific regularization of the branes internal structures where the 5D brane can be considered thin with respect to the 4D one, and studied perturbations at first order around the solutions corresponding to pure tension source configurations on the thick 4D brane. To perform the perturbative analysis, we adopted a bulk-based approach and expressed the equations in terms of gauge invariant and master variables using a 4D scalar-vector-tensor decomposition. We then studied the behaviour of the equations of motion in the thin limit of the "ribbon" 4D brane inside the (already thin) 5D brane. We proposed an ansatz on the behaviour of the perturbation fields in this limit, which corresponds to configurations where gravity remains finite everywhere even when the 4D brane is thin, and showed that the equations of motion give rise to a consistent set of differential equations in the thin limit, from which the details of the internal structure of the 4D brane disappear. We conclude that, at least when considering first order perturbations around pure tension configurations, the thin limit of the "ribbon" 4D brane inside the (already thin) 5D brane is well defined, and that gravity on the 4D brane is finite even in the thin limit. We also confirm that the induced gravity term on the cod-1 brane is crucial for gravity regularization: if we set M 3 5 = 0 then the cod-2 junction conditions (5.47), (5.49) and (5.52) are consistent only with a source configuration where the matter energy-momentum tensor vanishes, i.e. with a pure tension perturbation. Therefore, if M 3 5 = 0, our ansatz is in general not consistent; to accomodate matter on the cod-2 brane, either the bending of the cod-1 brane has to diverge at the cod-2 brane either the bulk metric has to become singular there, or both. We can understand geometrically the role of the cod-1 induced gravity term in the phenomenon of gravity regularization by noting that it allows to support a generic energy-momentum tensor on the thin cod-2 brane still having a continuous embedding of the cod-1 brane in a smooth bulk metric.
It is straightforward to apply the formalism developed in this paper to the 6D Cascading DGP model, since it is enough to include a 4D induced gravity term M 2 4 G
µν (which assures that gravity is 4D at small scales) in the codimension-2 energy momentum tensor T (4) µν . We are currently studying the properties of the 6D Cascading DGP model following this route [47] .
A Thin limit of the background
In this appendix we want to study in detail the thin limit of the background configurations. As we mention in the main text, the thin limit of the background is performed by considering a sequence of source configurations of the formT
where f[n] ξ is a sequence of even functions which satisfy
2 is a sequence of positive numbers that converges to zero: l
[n]
2 → 0 + for n → +∞. The analysis of section 3.1 implies that there exist exact solutions for this class of sources such that the bulk, induced and double induced metrics are respectively the 6D, 5D and 4D Minkowski metric, while the embedding of the cod-1 brane is n-dependent and non-trivial
and the cod-2 embedding is n-independent and trivial
In terms of the regulating function [n] (ξ)
the solution for the slope function reads .6) and the solution for theξ-derivative of the embedding functions reads
Considering the slope function, we note that forξ ≷ ±l , and by symmetry we have [n] (0) = 0. For every fixed valueξ different from zero (say positive, although the caseξ < 0 is analogous), there exists a natural number N such that, for n ≥ N , we have l ≡ S ± independently of n.
A.1 Thin limit of the embedding functions
To obtain the thin limit of the embedding functions, we integrate the relations (A.7) and (A.8) and we impose the condition
2 , we use the identity sin
) and the linearity of the integral to get
2 we get .14) and taking the l which is valid forξ ∈ R.
Regarding theξ-derivative of the embedding functions, consistently with the symmetry properties of Z and Y we have
independently of n. In complete analogy to the case of the slope function, for every fixed valueξ > 0 we have
and so we conclude that Z [n] and Y [n] converge respectively to the functions Z ∞ and Y ∞ which explicitly read 
A.2 Thin limit of the parallel and normal vectors
The sequences which correspond to the background parallel vectorv and to the background normal vector n are expressed in terms of Z [n] and
The results obtained above imply thatv[n] andn[n] respectively converge to the vector fieldsv ∞ andn ∞ which are separately constant forξ > 0 and forξ < 0, and which are discontinuous across the cod-2 brane
(A. 21) and in particular we havē
Regarding the parallel and normal components of the bending and of the perturbation of the parallel vector, the definitions (4.37) imply that for |ξ| > l 2 we have
2 we havev
= 0. This implies that in the thin limit forξ = 0 we have .24) and in particular
B Codimension-1 induced metric and curvature tensors
In this appendix we give the explicit form of the perturbation of the cod-1 induced metric, of the cod-1 Ricci tensor and of the cod-1 extrinsic curvature in terms of the gauge invariant variables. We also express the cod-1 extrinsic curvature in terms of the normal and parallel components of the bending modes, and we discuss the apparent contradiction related to the presence of the parallel component δϕ in the extrinsic curvature.
B.1 Induced metric
Using the general definitiong ≡ ϕ g , the perturbation of the induced metric can be decomposed as followsh
These two components have a clear geometrical meaning: the "metric perturbation" componenth
represents the effect on the induced metric of the perturbation of the bulk metric, while the "bending perturbation" componenth
ab represents the effect on the induced metric of the perturbation of the brane embedding.
The three sectors (scalar, vector and tensor) contribute additively to the perturbation of the induced metric, and we can writeh
ab respectively contain only the scalar, vector and tensor sector of perturbation fields. These three contributions to the perturbation of the metric induced on the cod-1 brane read explicitlyh
where the components not shown above vanish identically.
B.2 Ricci and Einstein tensors
The geometric decomposition (B.1) ofh ab implies that the perturbation of the cod-1 Ricci tensor can be decomposed as
where δR
[mp] ab is built from the metric perturbation part of the induced metrich [mp] ab and δR [bp] ab is built from the bending perturbation part of the induced metrich [bp] ab . In analogy to the induced metric, also the perturbation of the Ricci tensor on the cod-1 brane can be written in the form δR ab = δR
ab and δR
ab respectively contain only the scalar, vector and tensor sector of perturbation fields. These three contributions to the perturbation of the Ricci tensor constructed with the metric induced on the cod-1 brane read explicitly
where again the components not shown above vanish identically. Regarding the perturbation of the cod-1 Einstein tensor, we have also in this case
where the vector and tensor parts satisfy 
B.3 Extrinsic curvature
Expanding at first order the formulae (2.10)-(2.13) around the pure tension solutions, we get the following geometrical decomposition for the perturbation of the extrinsic curvature ab respectively contain only the scalar, vector and tensor sector of the perturbation fields. These three contributions to the perturbation of the extrinsic curvature read explicitly
B.4 Some remarks on the bending modes
We want now to comment on the number of gauge invariant variables which describe the fluctuation of the brane embedding. Note first of all that, as we mentioned in the main text, δϕ µ do not appear in δR ab and δK ab . This implies that the 4D part of the bending δϕ µ does not appear in the equations of motion, and that the bending modes play a role only in the scalar sector. Regarding the other components of the bending modes, using the relationv µξ vanishes. Therefore, the cod-1 Ricci tensor depends only on the normal component of the bending δϕ ⊥ , which is consistent with the fact that, from the point of view of the intrinsic geometry, δϕ represents just a change of coordinates. On the other hand, using the relation
we obtain for the extrinsic curvature and we see that the parallel component δϕ does not disappear from the extrinsic curvature. This seems somehow in contrast with the assertion of [48, 49] that δϕ ⊥ is the only physically observable fluctuation of the brane. To understand this apparent contradiction, note first of all that, from the point of view of the bulk, the normal component δϕ ⊥ is the only perturbation which changes the shape of the brane, while δϕ just relabels the points on the brane: therefore, if we describe the extrinsic geometry with the second fundamental form K, the parallel component does not play a role. However, the extrinsic curvatureK = ϕ (K) measures how fast the normal form changes when we move along a direction in the brane coordinate system: a change of coordinates on the brane makes the normal vector vary more or less rapidly, and so has the same effect (from the brane point of view) as if we kept the brane coordinates unchanged and changed the shape of the brane (from the bulk point of view). Therefore, if we describe the extrinsic geometry withK, the mode δϕ does indeed play a role. The only exception to this argument is when the (background) normal form is constant, such as when the brane is straight in a homogeneous bulk metric: in this case, a change of coordinates on the brane has no effect on the normal form. In fact, if we set S = S = 0 in our case, the parallel component of the bending δϕ indeed disappears from the extrinsic curvature.
C The pillbox integration across the cod-2 brane
In this appendix, we perform explicitly the pillbox integrations which appear in the left hand side of equations (5.37) and (5.39).
C.1 A useful proposition
In the appendix A we showed that the slope functions belonging to the sequence {S[n]}[n] are smooth and odd with respect to the transformationξ → −ξ, and converge pointwise to the function (A.10). Furthermore, their value at the side of the cod-2 braneξ = ±l [n] 2 is independent of n. This implies that S [n] ξ is proportional to an even realization of the Dirac delta, since calling σ ≡λ/4M 4 6 we have (C. 13) and using this relation we can rewrite the integral (C.12) as (C.14)
Since δv [n] is constructed from the first derivative of the embedding functions only, by our ansatz it remains bounded even in the n → +∞ limit. Therefore we have The parallel component of the bending, despite being non-zero outside the cod-2 brane, does not appear in the pure cod-1 junction conditions. However, in the thin limit its value inξ = 0 + (on the side of the cod-2 brane) is not independent of the value of the normal component of the bending inξ = 0 + . In fact, the y component of the bending δφ It is worthwhile to stress that the values of δφ ∞ ⊥ and δφ ∞ are rigidly linked only on the side of the cod-2 brane and only in the thin limit, while forξ = 0 the two quantities are independent.
The field δφ z
has a precise geometrical meaning. In general, the embedding of the (mathematical) cod-2 brane C 2 in the bulk β · (χ · ) is obtained by composing the cod-2 embedding into the cod-1 branẽ α · (χ · ) and the cod-1 embedding ϕ · (ξ · )
If we fix the embeddingα · (χ · ) according to (3.22) and we use cod-1 GNC, we have
since in this case ϕ y vanishes atξ = 0 as a consequence of the cod-1 Z 2 symmetry. Using the perturbative decomposition ϕ z = Z + δφ z and taking into account that Z(0) = 0, the bending of C 2 in the bulk in the extra dimensions z-y is described by the function δβ z (χ · ) = δφ z (0, χ · ), whose gauge invariant version is
Since in the thin limit the physical ribbon brane and the mathematical brane C 2 coincide, the field δφ z ∞ ξ =0
is the gauge invariant bending δβ z ∞ of the thin cod-2 brane in the bulk (in the extra dimensions z and y).
C.3 The extrinsic curvature part
We consider now the pillbox integration
(C. 23) which appears in the equation (5.39) and is produced by the extrinsic curvature term. Also in this case both sides of the equation are functions of the 4D coordinates χ · , but we omit to indicate explicitly this dependence. To perform this integration, it is useful to recast the integrand in a more convenient form. First of all, by expressingn i δφ i gi = n i δφ i gi −n i δφ i gi and using (B.39) it is easy to see that (remember the definitions (4.37))n The integral on the right hand side of (C.27) is exactly of the form considered in the Proposition 1, sincev i andn i are proportional to sin S or cos S and by our ansatzĥ [n] ij converge uniformly to the continuous functionsĥ ∞ ij . Moreover, the Corollary 1 implies thatĥ [n] zy gives a vanishing contribution to the thin limit integral, since it is odd; therefore the relation (C.27) can be simplified as 
